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When we use Equation (22a) for   ∇ 2E  and (23a) for
  ∂2E/∂t2  in Equation (20a), the unit vectors y cancel

and we are left with

  1
µ0ε0

∂2Ey(x,t)

∂x2
=

∂2Ey(x,t)

∂t2
(24a)

We get a similar equation for  Bz , namely

  1
µ0ε0

∂2Bz(x,t)

∂x2
=

∂2Bz(x,t)

∂t2
(24b)

In our discussion of the one dimensional wave
equation in Chapter 2 of this text we had as the
formula for the wave equation

   
vwave

2 ∂2y(x,t)

∂x2
=

∂2y(x,t)

∂t2

one
dimensional
wave
equation

(2-73)

Comparing this wave equation with Equation (24),
we see that the plane wave of Figure (32-23b) obeys
the one dimensional wave equation with

  vwave
2 = 1

µ0ε0

  
vwave = 1

µ0ε0

(25)

From the wave equation alone we immediately find
that the speed of the wave is   1/ µ0ε0  which is the
speed of light.  We get this result without going
through all the calculations we did in the Physics text
to derive the speed of the electromagnetic pulse.

What we have shown in addition is that the speed of
the wave does not depend on its shape.  All we used
was that E = E(x,t) without saying what the x
dependence was.  Thus both the series of pulses in
Figure (32-23a) and the sinusoidal wave in (32-23b)
should have the same speed   1/ µ0ε0 .  This we were
not able to show using the integral form of Maxwell's
equations.

THE THREE DIMENSIONAL
WAVE EQUATION
We have seen that if  E  and  B  are plane waves, i.e.,
vector fields that vary in time and only one dimen-
sion, then Equations (20a) and (20b) become the one
dimensional wave equation for  E  and  B .  Since
Equations (20) do not single out any one direction as
being special, we would get a wave equation for a
plane wave moving in any direction, and we see that
Equations (20) are three dimensional wave equa-
tions for waves traveling at a speed   vwave

2 = 1/ µ0ε0 .
Rewriting these equations in terms of  vwave  rather
than   µ0ε0  gives us the general form of the three
dimensional wave equation

  
vwave

2 ∇ 2E = ∂2E
∂t2 (26)

and the same for  B .

The form we will generally recognize as being the
three dimensional wave equation is the trivial rear-
rangement of Equation (26),

   
1

vwave
2

∂2E
∂t2

– ∇ 2E = 0
three dimensional
wave equation
applied to E

(27)
Equation (27) is the way the wave equation is
usually written in textbooks.

So far we have only shown that plane waves are a
solution to the three dimensional wave equation.
For now that is enough.  Solutions to the wave
equation can become quite complex in three dimen-
sions, and we do not yet have to deal with these
complications.
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APPENDIX: ORDER OF PARTIAL
DIFFERENTIATION
It is worth while to show once and for all that you can
interchange the order of partial differentiation.  We
do this by going back to the limiting process, where

  ∂f(x,y)

∂x
= limit

∆x→0
f(x+∆x,y) – f(x,y)

∆x
(A-1)

and a similar formula for   ∂f/∂y .  For the second
derivative we have

  
∇ x∇ yf(x,y) = ∂

∂x
∂f(x,y)

∂y
(A-2)

Let us temporarily introduce the notation

  
fy
′ (x,y) =

∂f(x,y)

∂y
(A-3)

so that Equation (A-2) becomes

  ∇ x∇ yf(x,y) = ∂
∂x

fy
′ (x,y)

= limit
∆x→0

fy
′ (x+∆x,y) – fy

′ (x,y)

∆x

(A-4)
Now in Equation (A-4) make the substitution

  
fy
′ (x,y) = limit

∆y → 0
f(x,y+∆y) – f(x,y)

∆y
(A-5)

  
fy
′ (x+∆x,y) = limit

∆y→0
f(x+∆x,y+∆y) – f(x+∆x,y)

∆y

(A-6)
Using Equations (A-5) and (A-6) in (A-4) gives

  
∇ x∇ yf(x,y) =

limit
∆x→0
∆y→0

f(x+∆x,y+∆y) + f(x,y) – f(x+∆x,y) – f(x,y+∆y)

∆x∆y

(A-7)

Exercise 1

Show that you get exactly the same result for   ∇ y∇ xf(x,y).

You can see that our result, Equation (A-7) is com-
pletely symmetric between x and y, thus it should be
obvious that we should get the same result by revers-
ing the order of differentiation.

The only possible fly in the ointment is the order in
which we take the limits as   ∆x → 0  and   ∆y → 0 .
As long as f(x,y) is smooth enough so that f(x,y) and
its first and second derivatives are continuous, then
the order in which we take the limit makes no
difference.
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Calculus 2000-Chapter 10
Conservation of Electric Charge

CHAPTER 10 CONSERVATION OF
ELECTRIC CHARGE

In this short chapter, we obtain a very important
result.  We will see that Maxwell's equations them-
selves imply that electric charge is conserved.  In
our development of Maxwell's equations, our atten-
tion was on the kind of electric and magnetic fields
that were produced by electric charges and cur-
rents.  We said, for example, that given some electric
charge, Gauss' law would tell us what electric field
it would produce. Or given an electric current,
Ampere's law would tell us what magnetic field
would result.

Then later on, we found out that for mathematical
consistency, a changing electric field would create
a magnetic field and vice versa.  All this was summa-
rized in Maxwell's equations, which we repeat here

  ∇ ⋅ E = ρ/ε0

∇ ⋅ B = 0

∇ × E = – ∂B/∂t

∇ × B = µ0 i + µ0ε0∂E/∂t

(1)

What we did not notice in this development of the
equations for  E  and  B  is that the equations place a
fundamental restriction on the sources ρ  and i  of
the fields.  As we will now see, the restriction is that
the electric charge, which is responsible for the
charge density ρ  and current i , must be conserved.
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THE CONTINUITY EQUATION
We began our discussion of fluid dynamics in Chap-
ter 23 of the Physics text, by introducing the conti-
nuity equation for an incompressible  fluid.  For a
tube with an entrance cross sectional area  A1  and
exit area  A2 , the equation was

  v1A1 = v2A2
continuity
equation (23-3)

which says that the same volume of fluid per second
flowing into the entrance flows out of the exit.  Later
this statement that the fluid is incompressible (or
does not get lost or created) became

   v
closed
surface

⋅dA = 0 incompressible
fluid (2)

The differential form of Equation (2) is

   ∇ ⋅v = 0 incompressible
fluid (3)

as we showed in our initial discussion of divergence.
All three equations, (23-3), (2) and (3) are saying the
same thing in a progressively more detailed way.

Equation (3) is not the most general statement of a
continuity equation.  It is the statement of the conser-
vation of an incompressible fluid, but you can have
flows of  a compressible nature where something
like mass or charge is still conserved.  A more
general form of the continuity equation allows for
the conservation of these quantities.  We will now
see that this more general form of the continuity
equation naturally arises from Maxwell's equations.

CONTINUITY EQUATION FROM
MAXWELL'S EQUATIONS
To derive the continuity equation for electric charge,
we start by taking the divergence of the generalized
form of Ampere's law

  
∇ ⋅ ∇ ×B = µ0 i + µ0ε0

∂E
∂t

(4)

which becomes

  
∇ ⋅ (∇ ×B) = µ0∇ ⋅ i + µ0ε0∇ ⋅ ∂E

∂t
(5)

Using the fact that the divergence of a curl is iden-
tically zero,   ∇ ⋅ (∇ × B) = 0 , and the fact that we can
interchange the order of differentiation, we get

  0 = µ0∇ ⋅ i + µ0ε0
∂
∂t (∇ ⋅E) (6)

Divide Equation (6) through by   µ0 , and use Gauss'
law

  ∇ ⋅E =
ρ
ε0

to get

  ∇ ⋅ i + ε0
∂
∂t

ρ
ε0

= 0 (7)

The   ε0's  cancel and we are left with

   ∂ρ
∂t

+ ∇ ⋅ i = 0 continuity equation
for electric charge (8)

Equation (8) is the continuity equation for electric
charge.

You can immediately see from Equation (8) that if
the electric charge density ρ  were unchanging in
time, if   ∂ρ/∂t = 0 , then we would have   ∇ ⋅ i = 0  and
the electric current would flow as an incompressible
fluid.  The fact that a   ∂ρ/∂t  term appears in Equation
(8) is telling us what happens when ρ  changes, for
example, if we compress the charge into a smaller
region.
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Integral Form of Continuity Equation
The way to interpret Equation (8) is to convert the
equation to its integral form.  We do this by integrat-
ing the equation over some volume V bounded by a
closed surface S.  We have

  ∂ρ
∂t

V

dV + ∇ ⋅ i

V

dV = 0 (9)

Using the divergence theorem to convert the volume
integral of   ∇ ⋅ i  to a surface integral gives

  ∇ ⋅ i

volume
V

dV = i

S (surface
of V)

⋅dA (10)

Using Equation (10) in (9) we get

   
i

closed
surface S

⋅dA = –
∂ρ
∂t

volume
V inside S

dV
integral form
of continuity
equation

(11)
On the left side of Equation (11) we have the term
representing the net flow of electric current out
through the surface S.  It represents the total amount
of electric charge per second leaving through the
surface.  On the right side we have an integral
representing the rate at which the amount of charge
remaining inside the volume V is decreasing (the –
sign).  Thus Equation (38) is telling us that the rate
at which charge is flowing out through any closed
surface S is equal to the rate at which the amount of
charge remaining inside the surface is decreasing.
This can be true for any surface S only if electric
charge is everywhere conserved.

The fact that the continuity equation was a conse-
quence of Maxwell's equation tells us that if we do
have the correct equations for electric and magnetic
fields, then the source of these fields, which is
electric charge and current, must be a conserved
source.  Later, when we discuss the process of
constructing theories of fields, we will see in more
detail how conservation laws and theories of fields
are closely related.  Basically for every fundamental
conservation law there is a field associated with the
law.  In this case the law is the conservation of
electric charge and the associated field is the electro-
magnetic field.  It turns out that the law of conserva-
tion of energy is associated with the gravitational
field.
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Calculus 2000-Chapter 11
Scalar And Vector Potentials
CHAPTER 11 SCALAR AND VEC-
TOR POTENTIALS

In our first  experiment on electricity in the Physics
text we studied the relationship between voltage on
electric fields.  We constructed the lines of constant
voltage, the equipotential lines, and then constructed
the perpendicular electric field lines.  In Chapter 3
of the Calculus text we developed the more detailed
relationship that the electric field  E  was equal to
minus the gradient of the voltage

   E(x,y,z) = – ∇ V(x,y,z) (3-19)

As you study more advanced topics in science, you
sometimes encounter situations where the name or
symbol used to describe some quantity is different in
the advanced texts than in the introductory ones.
Various historical accidents are often responsible
for this change.

In introductory texts and in the laboratory we talk
about the voltage V which we measure with a volt-
meter.  The first hint that we would use a different
name for voltage was when we called the lines of
constant voltage equipotential lines, or lines of
constant potential.  Advanced texts, particularly
those with a theoretical emphasis, use the name
potential rather than voltage, and typically use the
symbol    φ(x,y,z) rather than V(x,y,z).  In this nota-
tion, Equation (3-19) becomes

   E(x,y,z) = – ∇ φ(x,y,z) (1)

This is how we left the relationship between E  and
φ in Chapter 3 on gradients.

From our discussion of divergence and curl, it does
not take long to see that there is a problem with
Equation  (1) .  If we take the curl of both sides of this
equation, we get

   ∇ × E = – ∇ × (∇ φ) (2)

However our first vector identity, Equation (9-1)
was that the curl of a divergence was identically
zero.

   ∇ × (∇ φ) = 0 (3)

Thus Equation  (1)  implies that the field  E  has zero
curl

   ∇ × E = 0 as a consequence
of Equation (1)

(4)

which is not consistent with Maxwell's equations.  In
particular, Faraday's law says that

   
∇ × E = – ∂B

∂t
Faraday's law (5)

Thus Equation  (1)  cannot be true, or at least cannot
be the whole story, when changing magnetic fields
are present, when    ∂B/∂t  is not zero.  If we only have
static charges, or even stationary currents so that  B
is zero or constant in time, then Faraday's law
becomes

   
∇ × E = 0

when
∂B/dt = 0 (6)

and then  E  can be described completely as the gradi-
ent of a voltage V or potential φ.
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Since the curl is the line integral on an infinitesimal
scale, Equation (6) is equivalent to the statement
that the line integral of  E  is zero everywhere

   
E ⋅d = 0

when
∂B/dt = 0 (6a)

In our initial discussion of the line integral in Chap-
ter 28 of the Physics text (pages 28-5,6), we pointed
out that Equation (6a) was the condition for what we
called a conservative force, a force that could be
described in terms of potential energy.  The equation

   E = – ∇ φ  (or    – ∇ V ) does exactly that, since V or
φ  is the potential energy of a unit test charge.

What we are seeing now is that for static fields,
where    ∂B/∂t  is zero,  E  is a conservative field that
can be described as the gradient of a potential
energy φ .  However when changing magnetic fields
are present, the curl of  E  is no longer zero and  E
has a component that cannot be described as the
gradient of a potential energy.

We will see in this chapter that  E  and  B  can both be
described in terms of potentials by introducing a
new kind of potential called the vector potential

  A(x,y,z) .  When combined with what we will now
call the scalar potential       φφ(x,y,z) , we not only have
complete formulas for  E  and  B , but also end up
simplifying the electromagnetic wave equation for
the case that sources like charge density ρ and
current density i are present.

The topic of the vector potential   A(x,y,z)  is often left
to later advanced physics courses, sometimes intro-
duced at the graduate course level.  There is no need
to wait; the introduction of the vector potential
provides good practice with curl and divergence.
What we will not cover in this chapter are the ways
the vector potential is used to solve complex radia-
tion problems.  That can wait.  What we will focus on
is how the vector potential can be used to simplify the
structure of Maxwell's equations.  In addition we
need the vector potential to handle the concept of
voltage when changing magnetic fields are present.

THE VECTOR POTENTIAL
It seems to be becoming a tradition in this text to
begin each chapter with a repeat of Maxwell's equa-
tions.  In order not to break the tradition, we do it
again.

    ∇ ⋅E =
ρ
ε0

Gauss' law

∇ ⋅B = 0 no monopole

∇ × B = µ0 i + µ0ε0
∂E
∂t

Ampere's law

∇ × E = –
∂B
∂t

Faraday's law

(7)

Let us now set the magnetic field  B(x,y,z)  equal to
the curl of some new vector field  A(x,y,z) .  That is,

   
B(x,y,z) ≡ ∇ ×A(x,y,z)

introducing
the vector
potential A

(8)

Equation (7) is the beginning of our definition of
what we will call the vector potential  A x,y,z .  To
begin to see why we introduced the vector potential,
take the divergence of both sides of Equation (8).
We get

  ∇ ⋅B = ∇ ⋅ (∇ ×A) = 0 (9)

This is zero because of the second vector identity
studied in Chapter 9, Equation (9-2).  There we
showed that the divergence of the curl   ∇ ⋅ (∇ × A)
was identically zero for any vector field A.

Thus if we define B as the curl of some new  vector
field A, then one of Maxwell's equations,   ∇ ⋅B = 0
is automatically satisfied.
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Our next step is to see what happens when we
introduce the vector potential into the other Max-
well equations.  Let us start with Faraday's law

  ∇ × E = – ∂B
∂t

(10)

If we replace B with   ∇ × A we get

  ∇ ×E = – ∂
∂t

(∇ ×A) (11)

Using the fact that we can change the order of partial
differentiation, and remembering that the curl is just
a lot of partial derivatives, we get

   
∇ ×E = ∇ × – ∂A

∂t
Faraday's law

in terms of A
(12)

We see that Equation (12) would be satisfied if we
could set   E = – ∂A/∂t  on the left side.

We cannot do that, however, because we already
know that for static charges,   E = – ∇ φ.  But see what
happens if we try the combination

   
E = – ∇ φ – ∂A

∂t

electric field
in terms of
potentials
φ and A

(13)

Taking the curl of Equation (7) gives

  ∇ ×E = – ∇ ×(∇ φ) – ∇ × ∂A
∂t (14)

Since   ∇ ×(∇ φ) = 0  because the curl of a gradient is
identically zero, we get

  ∇ ×E = – ∇ × ∂A
∂t

(15)

Next interchange the order of partial differentiation
to get

  ∇ ×E = – ∂
∂t

(∇ ×A) = – ∂B
∂t

(16)

which is Faraday's law.

Thus when we define the electric and magnetic
fields E and B in terms of the potentials φ and A by

  B = ∇ ×A (8) repeated

  E = – ∇ φ– ∂A/∂t (13) repeated

then two of Maxwell's equations

   ∇ ⋅B = 0 no monopole

   ∇ × E = – ∂B
∂t

Faraday's law

are automatically satisfied.

You can now see how we handle potentials or
voltages when changing magnetic fields are present.
For the field of static charges, we have   E = – ∇ φ as
before.  When changing magnetic fields are present,
we get an additional contribution to E due to the –

  ∂A/∂t term.

In Maxwell's theory of electric and magnetic fields,
in what is often called the classical theory of electro-
magnetism, you can solve all problems by using
Maxwell's equations as shown in Equation (7) and
never bother with introducing the vector potential
A.  In the classical theory, the potentials are more of
a mathematical convenience, trimming the number
of Maxwell's equations from four to two because
two of them are automatically handled by the defi-
nition of the potentials.

Things are different in quantum theory.  There are
experiments involving the wave nature of the elec-
tron that detect the vector potential A directly.
These experiments cannot be explained by the fields
E and B alone.  It turns out in quantum mechanics
that the potentials φ and A are the fundamental
quantities and E and B are derived concepts, con-
cepts derived from the equations   B = ∇ × A and

  E = – ∇ φ – ∂A ∂t∂A ∂t .
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WAVE EQUATIONS FOR φφ AND  A

The other two Maxwell's equations turn out to be
wave equations for φ and A.  There is one surprise
in store.  So far we have defined only the curl of A
through the equation   B = ∇ × A.  In general a vector
field like A can have both a divergent part  Adiv and
a solenoidal part  Asol where

 A = Adiv + Asol (17)

where the divergent part has no curl and the solenoi-
dal part has no divergence

  ∇ × Adiv = 0 (18a)

  ∇ ⋅ Asol = 0 (18b)

We saw this kind of separation in the case of electric
fields.  When the electric field was created by static
electric charges it was purely divergent, i.e., had
zero curl.  An electric field created by a changing
magnetic field is purely solenoidal, with zero diver-
gence.

As a result  our equation   B = ∇ ×A  defines only the
solenoidal part of A, namely  Asol.  We are still free
to choose  Adiv, which has not been specified yet.
We will see that we can choose  Adiv or   ∇ ⋅A in such
a way that considerably simplifies the wave equa-
tions for φ and A.  This choice is not essential, only
convenient.  Sometimes, in fact, it is more conve-
nient not to specify any choice for  Adiv, and to work
with the more general but messier wave equations.

For very obscure historical reasons, the choice of a
special value for   ∇ ⋅A is called a choice of gauge.  In
a later chapter we will look very carefully at what it
means to make different choices for   ∇ ⋅A.  We will
see that there are no physical predictions affected in
any way by changing our choice for   ∇ ⋅A.  As a
result the theory of electromagnetism is said to be
invariant under different choices of gauge, or gauge
invariant.  This feature of electromagnetism will
turn out to have extremely important implications,
particularly in the quantum theory.  For now, how-
ever, we will simply make a special choice of   ∇ ⋅A
that simplifies the form of Maxwell's equations for
φ and A.

The two Maxwell's equations that are not automati-
cally satisfied by   B = ∇ × A and   E = – ∇ φ– ∂A/∂t
are

    ∇ ⋅E =
ρ
ε0

Gauss' law

∇ × B = µ0 i + µ0ε0
∂E
∂t

Ampere's law

Making the substitutions   E = – ∇ φ– ∂A/∂t  in
Gauss's law gives

  
∇ ⋅E = ∇ ⋅ –∇ φ– ∂A

∂t
=

ρ
ε0

(19)

Noting that   ∇ ⋅ ∂A/∂t = ∂(∇ ⋅A)/∂t  because we can
change the order of partial differentiation, and that

  ∇ ⋅ (∇ φ) = ∇ 2φ , we get

  
–∇ 2φ–

∂(∇ ⋅A)

∂t
=

ρ
ε0

  
–∇ 2φ =

ρ
ε0

+
∂(∇ ⋅A)

∂t
(20)

You can see the divergence of A, namely   ∇ ⋅A
appearing in the equation for φ.

Making the substitutions in Ampere's law gives

  
∇ × B = ∇ × (∇ ×A) = µ0 i + µ0ε0

∂E

∂t

= µ0 i + µ0ε0
∂
∂t

– ∇ φ–
∂A

∂t
(21)

Using the third vector identity of Chapter 9, namely

  ∇ × (∇ ×A) = – ∇ 2A + ∇ (∇ ⋅A) (9-3)

Equation 21 becomes

  – ∇ 2A + ∇ (∇ ⋅A)

= µ0 i – µ0ε0
∂(∇ φ)

∂t
– µ0ε0

∂2A

∂t2

(22)
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Figure 19
Two smoke rings after they have collided.

The most impressive feature of the smoke rings
created by our box is how stable they are.  They
move in a straight line, at constant speed, without
changing their shape, just as predicted by our analy-
sis of the two and three dimensional vortex rings.  If
you hit the rubber sheet harder, you add more circu-
lation κ  to the rings, and they travel faster.  You can
experiment with different size holes in the box,
seeing that smaller rings travel faster than larger
ones.

One of the interesting predictions that you can think
about and try to observe is the following.  If a faster
ring approaches a slower one in front of it, the
velocity field of the front ring will tend to make the
back ring smaller and thus move still faster.  Con-
versely, the velocity fields of the back ring should
expand the front ring making it move more slowly.
(Sketch the velocity fields yourself to check this
prediction.)  As a result, if the back ring is aimed
right at the front one, the smaller back ring should
shoot through the larger front ring, becoming itself
the front ring. If the rings have not bumped into each
other, tangled and destroyed themselves (the usual
case), then the new back ring will be squeezed in
size, the front ring expanded, and the process re-
peated.  This is a famous prediction, but I have not
seen it carried out very well.

While the motion of a smoke ring represents a
successful prediction of Helmholtz’s theorem, the
fact that the smoke ring is so sharply defined, escap-

ing from the amorphous cloud of smoke around the
cardboard box, is an even more dramatic prediction
of the theorem.  When we hit the back of the box to
create the ring, air was expelled out through the hole
in the front.  The vortex ring was created at the
perimeter of the hole from air that contained smoke
particles.  These smoke particles in the vortex core
become attached to the vortex lines in the core and
have to move with the core.  As the vortex ring moves
out of the box, it carries the trapped smoke particles in
its core and leaves the rest of the smoke behind.

Creating the Smoke Ring
    The reason why is as follows.  Before we hit the
rubber sheet at the back of the box, all the air in the
box was at rest and contained no vorticity.  If
Helmholtz’s theorem strictly applied, then a vortex
line could not move onto fluid particle that initially
had no vorticity.

As we mentioned earlier, Helmholtz’s theorem ap-
plied  if only conservative forces (like gravity) were
acting on the fluid.  But gravity is not the only force
acting on the particles of air in our smoke ring
apparatus.  Air is a slightly viscous fluid, and viscous
forces in a fluid are not curl free conservative forces.
Viscous forces move a vortex line onto fluid particle
and create a vortex core.
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Calculus 2000-Chapter 13
Introduction to
Fluid Dynamics

CHAPTER 13 INTRODUCTION TO FLUID
DYNAMICS

One should think of this chapter as an introduction
to fluid dynamics. In it we derive the basic equations
for the behavior of the velocity field v  and the
vorticity field  ω in a constant density fluid.  We
begin by applying Newton's second law to a fluid
particle to obtain what is known as the Navier-
Stokes equation.  This equation for the velocity field
v  serves as the fundamental equation of fluid dy-
namics.

Taking the curl of the Navier-Stokes equation gives
us the basic equation for the dynamics of the vortic-
ity field  ω.  From that equation we derive the
Helmholtz theorem, and an extension of the Helmholtz
theorem that deals with the effect of non potential
forces acting on fluid cores.  The extended Helmholtz
theorem is used in the analysis of the experiments of
Rayfield and Reif who first measured the circulation
κ  and core radius (a) of a quantized vortex in
superfluid helium.  We end the regular part of the
chapter with a discussion of the Magnus effect and
the pseudo force called the Magnus force that
appears in all the vortex dynamics literature.

There are two major appendices to this chapter.
Appendix 1 deals with the use of component notation
in vector equations. This includes the Einstein sum-
mation convention, and emphasizes the use of the
permutation tensor   εijk  for calculating vector cross
products. There we show you an easy way to derive
vector identities involving cross products.

The second appendix shows how you can interpret
the dynamical behavior of the vorticity field as a
conserved two dimensional flow of vorticity. Appen-
dix 2 begins with an intuitive derivation of that
result, a derivation that requires little mathematical
background. (It can be explained at dinner parties.)
However deriving the formula for the conserved
vortex current requires the use of the permutation
tensor   εijk , which is why we delayed this discussion
until after Appendix 1.

The use of vortex currents turns out to be a particu-
larly effective way to handle vortex motion. We use
it, for example, to derive the Magnus force equation
for curved fluid core vortices, a result that has not
been obtained any other way.
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THE NAVIER-STOKES EQUATION
When we apply Newton's second law  F = dp/dt  to a
particle like a baseball, the analysis is fairly simple.
With  p = mv for the baseball, if m is constant, the result
is  F = mdv/dt .  In particular, if  v = constant , then

 dv/dt = 0 and  F = 0 .

Applying Newton's second law to a fluid is more
complicated.  Even if we have a steady flow where

 v = constant , the fluid particles themselves will be
accelerating when the streamlines go around a corner
or the flow tubes become narrower or wider.  Some net
force acting on the fluid particles is required to
produce this acceleration.  If the flow is not steady, if

  ∂v/∂t  is not zero, an additional force is required to
produce this change in the velocity field.  The first
problem you encounter in the study of fluid mechanics
is to correctly evaluate the acceleration of the fluid
particles taking both of these effects into account.

What we will do is to consider a volume V of fluid
bounded by a closed surface  S ′ .  The surface  S ′  is
special in that it moves with the fluid particles.  As
a result the same fluid particles remain inside V as
the fluid moves about.  We will then calculate the
rate of change of the total momentum of these fluid
particles and equate that to the total force acting on
the particles within V.  Following this procedure we
will end up with a differential equation called the
Navier-Stokes equation which is very successful in
describing the behavior of fluids.

(In most textbooks you will find what looks to be a
simpler derivation of the Navier-Stokes equation.
Our derivation involves volume and surface inte-
grals, while the textbooks make what looks like
simpler arguments using what is called a substan-
tive derivative.  When the textbook arguments are
applied to non constant density fluids, you also find
some talk about what should be included inside the
substantive derivative and what should not.  It
almost seems that one  includes only those terms that
give the right answer.

By using surface and volume integrals, our focus
remains on the application of Newton's second law
to the fluid particles with no ambiguities of interpre-
tation.)

Rate of Change of Momentum
As we mentioned, we will consider a volume V of
fluid whose surface  S ′  moves with the fluid par-
ticles.  As a result the same particles remain inside
the volume V.  We then equate the rate of change of
the total momentum of these particles to the total
force acting on them.  The main problem involves
calculating the rate of change of the momentum of
the particles in a volume whose surface is moving.

Suppose we have a volume V(t) that is now, at time
(t), bounded by a surface   S ′(t) ( shown in Figure 1).
If the fluid has a density ρ  and the velocity field of
the fluid is v then the total momentum  PV(t) of the
fluid in V(t) is

  PV(t) = p( x,t)d3V

V(t)

; p = ρv (1)

At this point we are even allowing the density to vary,
so that both ρ  and v can be functions of space and time.

A short time  δt  later, the surface will have moved to
  S ′(t +δt)  and the volume becomes   V(t+δt)  as

shown in Figure (2).

At this later time, the momentum of the fluid particles
will be

surface S'(t)

volume V(t)

Figure 1
The volume V bounded by the surface  S ′  at time (t).

Figure 2
The volume V a short time  δδt  later.

S'(t+δt) 

V(t+δt) 

V(t) 

S'(t) 
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  PV(t+δt) = p(t+δt)d3V

V(t+δt)

(2)

The change   δP V  in momentum of the fluid particles as
time goes from (t) to   (t+δt)  is

  δPV = PV(t+δt) – PV(t)

= p(t+δt)d3V

V(t+δt)

– p(t)d3V

V(t)

(3)

We can do a Taylor series expansion of   p(t+δt)  to get

  
p(t+δt) = p(t) +

∂p
∂t δt + 0(δt2) (4)

This gives

  
δPV = p(t)d3V

V(t+δt)

– p(t)d3V

V(t)

+ δt
∂p
∂t d3V + 0(δt2)

V(t+δt)

(5)

From Figure (2), we see that much of the same
volume is included in both   V(t+δt)  and V(t).  Thus,
in the square brackets in Equation (5), the integral of

 p(t)  over the common volume cancels, and what we
want is an integral of  p(t)  over the volume that the
fluid has entered during the time  δt , minus the
integral of  p(t)  over the volume the fluid has left
during  δt .

In Figure (3a) we show part of the region between
  S ′(t)  and   S ′(t +δt)  where the fluid has entered

during  δt .  Consider a particle at point (1) at time t,
moving at a velocity  v1 .  In the short time  δt  it
moves a distance   v1δt  as shown.

Now let  dA1  be an element of the surface   S ′(t)  at
point (1).  The standard convention is that a surface
element  dA points perpendicularly out of a closed
surface.  Thus  dA1  points out of surface   S ′(t)  as
shown.

A time  δt  later, the surface element  dA1  will have
moved out to the surface   S ′(t +δt) , sweeping out a
volume   δV1   given by

  δV1 = (v1δt) ⋅dA1 (6)

You can see that the dot product is appropriate, for
if  v1  and  dA1  are parallel, we have a right circular
cylinder of volume   ( v1δt dA1 ) .  The volume is zero
if  v1  and  dA1 are perpendicular, and negative if
oppositely oriented.

In Figure (3b) we show part of the region between
  S ′(t)  and   S ′(t +δt)  where the fluid in   S ′(t)  has left

during the time  δt .  The diagram is the same as
Figure (3a) except that the vector  dA2  pointing out
of   S ′(t)  is pointing essentially opposite to the vector

 v 2 .  In the formula   δV2 = (v2δt) ⋅dA2 , the dot
product   v2 ⋅dA2  and therefore   δV2  is negative in the
region where the fluid is leaving.

As a result, if we calculate the integral of   p(t)δV
over both the volumes in Figures (3a) and (3b), we
get an integral of  p(t)  over the region the fluid is
entering, minus the integral of  p(t)  over the region
the fluid is leaving.  This just gives us the quantity in
the square brackets in Equation (5)

(1)

S'(t) dA1
v 1

S'(t+δt)

region fluid entering

v δt1

S'(t+δt) 

S'(t) 

region fluid leaving
(2)

dA
2

v 2

v δt2

Figure 3a
The volume element       δδV1 = vδδt ⋅⋅dA1
into which the fluid is flowing.

Figure 3b
The volume element       δδV2 = vδδt ⋅⋅dA2
out of which the fluid is flowing.
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We get

  
p(t)d3V –

V(t+δt)

p(t)d3V

V(t)

= p(t)(δV)
over entering
and leaving
regions

= p(t)(δt v⋅dA)

S′(t)

(6)

By integrating over the entire area   S ′(t)  we have
included both the entering and leaving regions.

Using Equation (6) for the square brackets in Equa-
tion (5) gives

  δPV = δt p(t)(v⋅dA)

S′(t)

+δt
∂p(t)

∂t
d3V

V(t+δt)
(7)

plus terms of the order   δt2 .  At this point, we have
everything expressed at the time (t) except the vol-
ume of integration in the   ∂p/∂t  term.  If we inte-
grated over the volume V(t) instead of   V(t + δt) , we
would be incorrectly handling the integral of   ∂p/∂t
over the narrow difference volume of thickness   vδt .
Since the   ∂p/∂t  term already has a factor  δt , this would
lead to an error of order   δt2  which we can ignore.

Replacing   V(t + δt)  by V(t) in the volume integral,
and dividing through by  δt  gives

  δPV

δt
=

∂p
∂t d3V

V(t)

+ p(t)(v⋅dA)

S′(t)

(8)

We now have all quantities in our formula for
  δP V/δt  expressed at the time (t).

We have one more step before we are finished with
the   δP V/δt  term.  We want to convert the surface
integral to a volume integral.

We have already had some experience converting
surface to volume integrals back in Chapter 7 on
divergence.  There we derived the divergence theorem

  E⋅dA
S

= ∇ ⋅Ed3V
V

(7-21)

where E  is any vector field, and the surface S bounds
the volume V.

In Equation (8), we have something that looks more
complex than the surface integral in (7-21), because
of the presence of the extra vector p.  To handle this
let us define three fields  E 1,  E 2 and  E 3 by

 E 1 = p xv ; E 2 = p yv ; E 3 = p zv (9)

Then we get

  p(v⋅dA)
S

= x pxv⋅dA +
S

y pyv⋅dA +
S

z pzv⋅dA
S

= x E1⋅dA +
S

y E2⋅dA +
S

z E3⋅dA
S (10)

Now we can use the divergence theorem on the three
quantities  E 1,  E 2 and  E 3 to get

  
p(v⋅dA)

S

= x ∇ ⋅E1d3V +
V

y ∇ ⋅E2d3V +
V

z ∇ ⋅E3d3V
V

= x ∇ ⋅(pxv)d3V +
V

y ∇ ⋅(pyv)d3V
V

+ z ∇ ⋅(pzv)d3V
V

(11)

(A quantity like  E1 = pxv  is not really a vector field
because it does not transform like a vector when we
rotate the coordinate system. But if no rotations are
involved,  px acts like a scalar field p, and  pxv  acts
like a vector field  j = pv  in the divergence theo-
rem.)




