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When we use Equation (22a) for O°E and (23a) for
92E/0t2 in Equation (20a), theunit vectors § cancel
and we are left with

1 0%E,(x.h) _ 0%E,(x.1)

248
Ho€o  9x2 ot2 (242)
We get asimilar equation for B, , namely
2 2
1 0°B,(Xx.t) _ 0“B,(x,t) (24b)

Ho€o  ox2 at?

In our discussion of the one dimensional wave
equation in Chapter 2 of this text we had as the
formulafor the wave equation

%y(x,t)y _ axy(xt e

dimensional
Vave wave (2-73)
0x2 ot? equation

Comparing this wave equation with Equation (24),
we seethat the planewave of Figure (32-23b) obeys
the one dimensional wave equation with

2 -1
Vivave = oe
. _ 1 (25)
wave Moo

From the wave equation alonewe immediately find
that the speed of the waveis 1/,/i€, whichisthe
speed of light. We get this result without going
throughall thecal culationswedidinthePhysicstext
to derive the speed of the electromagnetic pulse.

What we have shown in addition isthat the speed of
the wave does not depend on its shape. All weused
was that E = E(x,t) without saying what the X
dependence was. Thus both the series of pulsesin
Figure (32-23a) and the sinusoidal wavein (32-23b)
should havethesamespeed 1/,/Hq€q . Thiswewere
not ableto show usingtheintegral formof Maxwell's
equations.
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THE THREE DIMENSIONAL
WAVE EQUATION

Wehaveseenthat if E and B areplanewaves, i.e.,
vector fields that vary in time and only one dimen-
sion, then Equations(20a) and (20b) becometheone
dimensional wave equation for E and B. Since
Equations(20) do not singleout any onedirectionas
being special, we would get a wave equation for a
planewave moving in any direction, and we seethat
Equations (20) are three dimensional wave equa-
tionsforwavestravelingat aspeed v2 5, = 1//HoEo -
Rewriting these equations in terms of v, rather
than pgey gives us the general form of the three
dimensional wave equation

= _ 0%E
V2., 0%E = o

and the samefor B .

(26)

The form we will generally recognize as being the
three dimensional wave equation isthetrivial rear-
rangement of Equation (26),

threedimensional
wave equation

appliedto E

1 0%k _p2 =
Viave Ot2

(27)
Equation (27) is the way the wave equation is
usually written in textbooks.

So far we have only shown that plane waves are a
solution to the three dimensional wave equation.
For now that is enough. Solutions to the wave
equation can become quite complex in three dimen-
sions, and we do not yet have to deal with these
complications.
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APPENDIX: ORDER OF PARTIAL
DIFFERENTIATION

Itisworthwhileto show onceandfor all that you can

interchange the order of partial differentiation. We
do this by going back to the limiting process, where

of(xy) _ jimit | F(x+Axy) —f(xy)

and a similar formula for of/dy . For the second
derivative we have

(A-1)

_ 0| 9f(xy) ]
O0f(xy) = o oy (A-2)
L et us temporarily introduce the notation
! _ af(xly)
fy(xy) = oy (A-3)

so that Equation (A-2) becomes
_ 0¢
OxEyfoay) = 2y (xy)

f;/(x+Ax,y) - f;,(x,y)
AXx

— limit
AX -0

(A-4)
Now in Equation (A-4) make the substitution

f(x,y+4y) —f(x,y)
Ay

_ limit

fy(x.y) (A-5)

fy(X+AXy) = limit

f(X+AX,y +Ay) — f(X+AX,Y)

Ay -0 Ay

(A-6)
Using Equations (A-5) and (A-6) in (A-4) gives

limit

Electromagnetic Waves

Exercise 1
Show that you get exactly the same result for DyDXf(x,y).

Y ou can see that our result, Equation (A-7) iscom-
pletely symmetric between x andy, thusit should be
obviousthat we should get thesameresult by revers-
ing the order of differentiation.

Theonly possiblefly in the ointment isthe order in
which we take the limitsas Ax - 0 and Ay - 0.
Aslong asf(x,y) issmooth enough so that f(x,y) and
itsfirst and second derivatives are continuous, then
the order in which we take the limit makes no
difference.

f(x+Ax,y+Ay) + f(x,y) — f(x+Ax,y) — f(x,y+Ay)

OyOyf(xy) = 2§_)8

(A-7)

AxAy
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Conservation of Electric Charge

In this short chapter, we obtain a very important
result. We will seethat Maxwell's equations them-
selves imply that electric charge is conserved. In
our development of Maxwell's equations, our atten-
tion was on the kind of electric and magnetic fields
that were produced by electric charges and cur-
rents. Wesaid, for example, that given someelectric
charge, Gauss' law would tell uswhat electric field
it would produce. Or given an electric current,
Ampere's law would tell us what magnetic field
would result.

Then later on, we found out that for mathematical
consistency, a changing electric field would create
amagneticfieldandviceversa. All thiswassumma-
rized in Maxwell's equations, which we repeat here

OLE = plgg

OB =

OxE = —oB/at )
OxB = poi + gEgdE/at

What we did not notice in this development of the
equationsfor E and B isthat theequationsplacea
fundamental restriction on the sources p and i of
thefields. Aswewill now see, therestriction isthat
the electric charge, which is responsible for the
chargedensity p andcurrent i, must beconserved.
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THE CONTINUITY EQUATION

Webegan our discussion of fluid dynamicsin Chap-
ter 23 of the Physicstext, by introducing the conti-
nuity equation for an incompressible fluid. For a
tube with an entrance cross sectional area A, and
exit area A , , the equation was

continuity

ViIAL = VoA, equation

(23-3)

which saysthat the same volume of fluid per second
flowingintotheentranceflowsout of theexit. Later
this statement that the fluid is incompressible (or
does not get lost or created) became

. incompressible

VIGA =0 g (2)
closed
surface

The differential form of Equation (2) is

5% = 0 incompressible ?)

fluid

asweshowedinourinitial discussionof divergence.
All threeequations, (23-3), (2) and (3) aresayingthe
same thing in a progressively more detailed way.

Equation (3) is not the most general statement of a
continuity equation. Itisthestatement of theconser-
vation of an incompressiblefluid, but you can have
flows of a compressible nature where something
like mass or charge is till conserved. A more
general form of the continuity equation allows for
the conservation of these quantities. We will now
see that this more general form of the continuity
equation naturally arisesfrom Maxwell'sequations.

Conservation of Electric Charge

CONTINUITY EQUATION FROM
MAXWELL'S EQUATIONS
Toderivethecontinuity equationfor electriccharge,

we start by taking the divergence of the generalized
form of Ampere's law

ﬁc%ﬁxﬁ - ol + o @
which becomes
Oq0xB) = peld + Hosoﬂ[éaaltz) (5)

Using the fact that the divergence of acurl isiden-
tically zero, O] x B) = 0, and thefact that wecan
interchange the order of differentiation, we get

0 = p0d + Hoﬁo%(ﬁ [E) (6)

Divide Equation (6) through by g, and use Gauss
law

e - P

OE = 0
to get

= P _

00+ eg3{ &) = 0 ©
The g4's cancel and we are |eft with

op . == _ continuity equation

ot +00 =0 for electric charge (8)

Equation (8) is the continuity equation for electric
charge.

Y ou can immediately see from Equation (8) that if
the electric charge density p were unchanging in
time, if dp/ot = 0, then wewould have 00 = 0 and
theelectric current would flow asanincompressible
fluid. Thefactthat adp/ot termappearsin Equation
(8) istelling us what happens when p changes, for
example, if we compress the charge into a smaller
region.
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Integral Form of Continuity Equation
The way to interpret Equation (8) isto convert the
equationtoitsintegral form. Wedothisby integrat-
ing the equation over some volume V bounded by a
closed surface S. We have

f%‘t’dwfﬁjdv:o ©)
\V) \/

Usingthedivergencetheoremto convertthevolume
integral of [0 to asurfaceintegral gives

f Ahav = f Hr Ty (10)
volume S (surface
\% of V)
Using Equation (10) in (9) we get
N ap integral form
A = —f ﬁdV of continuity
closed volume equation
surfaceS VinsideS
(11)

On the left side of Equation (11) we have the term
representing the net flow of electric current out
throughthesurfaceS. It representsthetotal amount
of electric charge per second leaving through the
surface. On the right side we have an integral
representing the rate at which the amount of charge
remaining inside the volumeV is decreasing (the—
sign). Thus Equation (38) istelling usthat the rate
at which charge is flowing out through any closed
surface Sisequal to the rate at which the amount of
charge remaining inside the surface is decreasing.
This can be true for any surface S only if electric
charge is everywhere conserved.

Conservation of Electric Charge  Cal 10-3

The fact that the continuity equation was a conse-
guence of Maxwell's equation tells us that if we do
havethe correct equationsfor electric and magnetic
fields, then the source of these fields, which is
electric charge and current, must be a conserved
source. Later, when we discuss the process of
constructing theories of fields, we will seein more
detail how conservation laws and theories of fields
areclosely related. Basically for every fundamental
conservation law thereisafield associated with the
law. In this case the law is the conservation of
electricchargeandtheassociatedfieldistheelectro-
magneticfield. It turnsout that thelaw of conserva-
tion of energy is associated with the gravitational
field.
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Scalar And Vector Potentials

Inour first experiment on electricity in the Physics
text we studied the relationship between voltage on
electricfields. We constructed the lines of constant
voltage, theequipotential lines, andthen constructed
the perpendicular electricfield lines. In Chapter 3
of the Cal culus text we devel oped the more detailed
relationship that the electric field E was equal to
minus the gradient of the voltage

E(xy,2) = —OV(XY,2) (3-19)

As you study more advanced topics in science, you
sometimes encounter situations where the name or
symbol used to describe somequantityisdifferentin
the advanced texts than in the introductory ones.
Various historical accidents are often responsible
for this change.

In introductory texts and in the laboratory we talk
about the voltage V which we measure with a volt-
meter. Thefirst hint that we would use a different
name for voltage was when we called the lines of
constant voltage equipotential lines, or lines of
constant potential. Advanced texts, particularly
those with a theoretical emphasis, use the name
potential rather than voltage, and typically use the
symbol @(x,y,2) rather than V(x,y,2). In this nota-
tion, Equation (3-19) becomes

E(X,y,Z) = - E(KX,y,Z) (1)
Thisis how we left the relationship between E and
@ in Chapter 3 on gradients.

Fromour discussion of divergenceand curl, it does
not take long to see that there is a problem with
Equation (1) . If wetakethecurl of both sidesof this
equation, we get

OxE = -0x(0g) 2
However our first vector identity, Equation (9-1)
was that the curl of a divergence was identically
zero.

Ox(0¢ =0 ©)
Thus Equation (1) impliesthat thefield E haszero
curl

asa consequence ( 4)
of Equation(1)

whichisnot consistent with Maxwell'sequations. In
particular, Faraday's law says that

OxE =0

A xE = 0B
[JxE = o

ThusEquation (1) cannot betrue, or at least cannot
be the whole story, when changing magnetic fields
arepresent, when 0B/dt isnot zero. If weonly have
static charges, or even stationary currentssothat B

IS zero or constant in time, then Faraday's law
becomes

[JxE =0

Faradays law 5

when
JBldt=0 (6)

andthen E can be described completely asthe gradi-
ent of avoltage V or potential .
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Sncethecurl isthelineintegral onaninfinitesimal
scale, Equation (6) is equivalent to the statement
that the line integral of E iszero everywhere

when

56 E@l =0  sBigi=0 (62)

Inour initial discussion of thelineintegral in Chap-
ter 28 of the Physicstext (pages 28-5,6), we pointed
out that Equation (6a) wasthe conditionfor what we
called a conservative for ce, a force that could be
describedintermsof potential energy. Theequation
= =— [Jg (or — OV ) does exactly that, since VV or
@ isthe potential energy of a unit test charge.

What we are seeing now is that for static fields,
where dB/ét iszero, E isa conservativefield that
can be described as the gradient of a potential
energy ¢. However when changing magneticfields
are present, the curl of E isno longer zero and E
has a component that cannot be described as the
gradient of a potential energy.

Wewill seeinthischapter that E and B can bothbe
described in terms of potentials by introducing a
new kind of potential called the vector potential
A(x,y,z). When combined with what we will now
call thescalar potential @(x,y,z),wenot only have
complete formulas for E and B, but also end up
simplifying the electromagnetic wave equation for
the case that sources like charge density pand
current density i are present.

Thetopic of thevector potential A(x,y,2) isoften|eft
tolater advanced physics cour ses, sometimesintro-
duced at thegraduate courselevel. Thereisnoneed
to wait; the introduction of the vector potential
provides good practice with curl and divergence.
What we will not cover in this chapter are the ways
the vector potential isused to solve complex radia-
tionproblems. That canwait. What wewill focuson
ishowthevector potential canbeusedtosimplifythe
structure of Maxwell's equations. In addition we
need the vector potential to handle the concept of
voltage when changing magnetic fields are present.

Scalar and Vector Potentials

THE VECTOR POTENTIAL

It seems to be becoming a tradition in this text to
begin each chapter with arepeat of Maxwell's equa-
tions. In order not to break the tradition, we do it

again.

OE = EB Gauss law
0
OB =0 no monopole
N » oE
UxB = Yol + Moot Amperés law (7)
_ . _ 0B
UxE = ~ 9t Faradayslaw

Let us now set the magnetic field B(x,y,2) equal to
the curl of some new vector field A(X,y,z) . Thatis,

introducing
thevector  (8)
potential A

B(x,y,2) = OxA(xy,2)

Equation (7) is the beginning of our definition of
what we will call the vector potential A(x,y,z). To
beginto seewhy weintroduced the vector potential,
take the divergence of both sides of Equation (8).
We get

O = OqO0xA) =0 9

This is zero because of the second vector identity
studied in Chapter 9, Equation (9-2). There we
showed that the divergence of the curl O x A)

was identically zero for any vector field A.

Thusi_f we define B asthe curl of some new \iector
field A, then one of Maxwell's equations, [I[B =0
isautomatically satisfied.



Calculus 2000 - Chapter 11

Our next step is to see what happens when we
introduce the vector potential into the other Max-
well equations. Let us start with Faraday's law

—

SxE = _0B
OxE =-22 10
X ot (10)

If we replace B with CIx A we get

OxE = —%(ﬁxﬁ) (12)
Using thefact that we can changethe order of partial
differentiation, and remembering that thecurl isjust

alot of partial derivatives, we get

Faradays law

intermsof A (12)

BB = & 0A
OxE = [Ox
€=005)
We see that Equation (12) would be satisfied if we
could set E =—0A/0t on the |eft side.

We cannot do that, however, because we already
know that for static charges, E = — D(p But seewhat
happens if we try the combination

— electric field
2 _ = 0A intermsof
E=-Uy T ot potentials (13)
@ and A
Taking the curl of Equation (7) gives
BxE = —Ox(0 oA
xE = —DX(DCP) DX ot (14)

Since Ox(Cg) = 0 because the curl of agradient is
identically zero, we get

OxE = _[x9A
ot

Next interchange the order of partial differentiation
to get

(15

—

OxE = — a(DxA)— 8

n (16)

which is Faraday's law.
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Thus when we define the electric and magnetic
fields E and B intermsof the potentials ¢ and A by

B = OxA (8) repeated

=

E = — - 0A/dt
then two of Maxwell's equations

(13) repeated

OB =0

no monopole

== _ 0B
OxE = - 95
ot

are automatically satisfied.

Faradayslaw

You can now see how we handle potentias or
voltageswhen changing magneticfieldsare present.

For thefield of static charges, we have E = — D(p as
before. When changing magneticfieldsare present,

we get an additional contribution to E due to the —
0A/0t term.

In Maxwell'stheory of electric and magneticfields,
inwhat isoften called theclassical theory of electro-
magnetism, you can solve al problems by using
Maxwell's equations as shown in Equation (7) and
never bother with introducing the vector potential
A. Intheclassical theory, the potentialsare more of
amathematical convenience, trimming the number
of Maxwell's equations from four to two because
two of them are automatically handled by the defi-
nition of the potentials.

Things are different in quantum theory. There are
experiments involving the wave nature of the elec-
tron that detect the vector potential A directly.
Theseexperimentscannot beexplained by thefields
E and B alone. It turns out in quantum mechanics
that the potentials ¢ and A are the fundamental
quantities and E and B are derived concepts, con-
cepts derived from the equations B=0OxA and
E=—O¢ —0A/ot.
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WAVE EQUATIONS FOR @ AND A

The other two Maxwell's equations turn out to be
wave equationsfor @ and A. Thereisone surprise
in store. So far we have defined only the curl of A
throughtheequation B = O x A. Ingeneral avector
fieldlike A can have both adivergent part A 4, and
asolenoidal part A ., where

A = Agy+Ag (17)
wherethedivergent part hasno curl and the solenoi-
dal part has no divergence

OxAg, = 0 (18a)

Oy =0 (18b)

We saw thiskind of separationinthecaseof electric
fields. When the electric field was created by static
electric charges it was purely divergent, i.e., had
zero curl. An electric field created by a changing
magnetic fieldispurely solenoidal, with zero diver-
gence.

Asaresult our equation B = OxA definesonly the
solenoidal part of A, namely A ;. Wearestill free
to choose A 4, Which has not been specified yet.
Wewill seethat we can choose A ,, or CCA insuch
away that considerably simplifies the wave equa-
tionsfor @and A. Thischoiceisnot essential, only
convenient. Sometimes, in fact, it is more conve-
nient not to specify any choicefor A 4, andtowork
with the more general but messier wave equations.

For very obscure historical reasons, the choice of a
specia valuefor C[A iscalledachoiceof gauge. In
alater chapter we will look very carefully at what it
means to make different choicesfor DA . Wewill
seethat thereareno physical predictionsaffectedin
any way by changing our choice for OA. Asa
result the theory of electromagnetism is said to be
invariant under different choicesof gauge, or gauge
invariant. This feature of electromagnetism will
turn out to have extremely important implications,
particularly in the quantum theory. For now, how-
ever, wewill simply make a special choice of DA
that simplifies the form of Maxwell's equations for
@and A.

Scalar and Vector Potentials

Thetwo Maxwell's equationsthat are not automati-
caly satisfied by B=0x A and E = — Op— dA/dt
are

A - P
D[E—?O

Gauss law
o oE
UxB = ygl + Moot Amperés law

Making the substitutions E=—O@—0A/dt in
Gausss law gives

(19)

Noting that D[@A/t = a(CI[A)/dt because we can
change the order of partial differentiation, and that
Oq0¢) = 0%, we get

_Dz(p_@ = B
ot €
2 P o(0mR)
U 80+ 5 (20)

You can see the divergence of A, namely DA
appearing in the equation for @.

Making the substitutions in Ampere's law gives

— = =3 = - o aE
UxB = Ox(UxA) = Hol + HeEo 5

—

S 0 - 0A
Mol *Hogo 5 (— O _at) (21)

Using thethird vector identity of Chapter 9, namely

Ox (OxA) = —0%A + O(0OMR) (9-3)
Equation 21 becomes
—0%A + O(0R)
B} .. (22
= gl — g XED e A
uO “‘0 0 at uo 0 at2

















